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Pure Mathematics 3

Exercise 3D

1

a

Use 1+tan* @ =sec’ 0
with @ replaced with 16

1+ tan® (%0) = sec’ (% 0)

(sec@—1)(sec+1) (multiply out)

=sec’O-1
=(1+tan’ @) -1
= tan’ @

tan” &(cosec’ 6 —1)
= tan’ 6?((1 +cot’ f)— 1)

= tan’ Ocot* 0

= tan’ @ x >
tan- @

=1

(sec’ @—1)cotd
= tan’ fcotf

= tan’ @ x

=tand@

(cosec” @—cot’ )’
=((1+cot*6)~cor 6
=1’=1

2—tan’ @ +sec’ O
=2—tan’ O+ (1+tan’ 0)
=2—tan’ O+ 1+tan’ O
=3

tané@sec
1+tan’ @
_ tan@secd
 sec’d
_ tan®
 sech
= tanfcos

sin@
= x cos @

cosd
=sin@

Solution Bank

@ Pearson

h (1-sin’@)(1+tan’ )

=cos’ @ xsec’ O

= cos’ O x >
cos @

=1

coseccotd
1+cot’* @

_ cosectcotd
cosec’ 6

1
= x cotd
cosecd

_sinf _cosd

1 sin@
=cos@

j sec'@-2sec’ftan’O+tan'
= (sec’ @ —tan’ 0)’
= ((1 +tan’ @) — tan’ 9)2
=1’=1

(factorise)

k 4cosec’20+4cosec’ 20cot* 20
= 4cosec’ 26(1+ cot’ 20)

= 4cosec’ 26cosec’ 260

=4cosec’ 260

k
cosecx

2 cosecx =

— cosec’x=k
= l+cot’x=k
= cot’x=k-1

= cotx=+Vk—-1
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3 a cotfd=+3  90°<H<180°

= cot’H=3
l+cot’0=1+3=4

=
— cosec’0=4
=

sin? @ = 1
4

= sin0=l
2

(as @ is in 2nd quadrant, siné is positive)

b Using sin®@+cos’ 0 =1

= cos’f=1-sin’O=1-

V3

= cosf=——
4

=
AW

(as @ is in 2nd quadrant, cosé is negative)

4 tanﬁzg 180° <8 <270°

Draw a right-angled triangle where tang = %

-

4
Using Pythagoras' theorem, x =5

4 3
So cosp=— and sinp =—
?=5 ?=5

As 6 is in the 3rd quadrant, both
sind and cos @ are negative.
1 1 5

a secld=——=- =——
cosd cosp 4

4
b cosfd=-cosp= 3

¢ sinfd=-sing= —%

Solution Bank

@ Pearson

5 cosﬁzﬁ, 0 reflex
25

As cos@ is positive and @ reflex,
0 is in the 4th quadrant.

: : 24
Use right-angled triangle where cos¢ = 25

23
X
@
24
Using Pythagoras' theorem,
257 = x? +24°
= x’=25"-24>=49
= x=7

So tan(p=% and sing0=2l5

As @ is in the 4th quadrant, both

tand and siné are negative

a tanf= —l
24

1 1
b cosecd=——=——
sinf % 7

6 a LHS =sec’d—tan*d
= (sec’ O —tan” @)(sec’ @ + tan> 0)
(difference of two squares)
= (I)(sec’ @ +tan’ )
(as 1+tan’ #=sec’ @
= sec’f—tan’f=1)
=sec’@+tan’ @= RHS

b LHS =cosec’ x—sin’x
= (1+cot” x)— (1—cos’ x)
=1+cot’x—1+cos’x

=cot’ x+cos’x= RHS
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6 ¢ LHS =sec” A(cot” A—cos” A) g LHS =cosec Asec’ 4
_ 1 (cos* 4 . A\ = cosec A(1+ tan® 4)
cos’ 4 L sin® 4 J 1 sin’4
=cosec A+ X

sind cos’ A

1

=— —1=cosec’ 4-1 in A

sin® 4 = cosec A+ sz
(use 1+ cot” @ = cosec’ ) cos” 4

2 sin 4 1
=l+cot° 4-1 = cosec A+ x
L cosA cosA
=cot” 4= RHS = cosec A+ tan Asec A= RHS
d RHS =(sec’ @-1)(1-sin’6) h LHS =(secd-sind)(secd+sinb)

= tan’ @ x cos’ =sec’f—sin’ 0
(use 1+tan® @ = sec’ @ and = (1+tan’ @) — (1—cos’ 0)
cos’> @ +sin’ G =1) =1+tan’@—1+cos’ 0

sin® @ = tan’ @+cos’d= RHS

— xcos’@=sin’ 4
cos @
=1-cos’@= LHS 7 3tan’O+4sec’0=5

= 3tan’O+4(1+tan’ d) =5

l—tanzA_l—tanzA 3tan’ @+ 4 +4tan* =5

e LHS = =-"1 -
1+tan” 4 sec” A — 7tan’@=1
1 2
— _ 1
= (1—tan” A) — tan’f=—
N 7
zcoszALI—szA = cot’0=7
cos” 4 = cosec’d—1=7
_ 2 )
=cos” A—sin” 4 — cosec’ =38
= (1-sin® 4)—sin* 4 1
= sin®f=—
=1-2sin’ 4= RHS 8
As 6 is obtuse (in the 2nd quadrant),
_ 2 2
f RHS =sec” fcosec ¢ sin @ is positive.
— aan? 2
= sec’ O(1+cot’ 0) 2 « Sme-\/i_ 1 _Q
—secl O 12 X09829 8 22 4
cos"@ sin @
=sec’ O+ —
sin” @
=sec’ @+cosec’@= LHS
Alternatively
1
LHS = sec’ 0+ cosec’ = ——+—;
cos @ sin" @

_sin’@+cos’ 6 _ 1

cos’ @sin’@  cos’Osin’ @
=sec’ @cosec’ @ = RHS
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8 a sec’d=3tand 0<H<360° b tan’f-2secfd+1=0 —-m<h<m
= 1+tan’ @ =3tand = (sec’d—1)—2sec+1=0
= tan’@-3tanf+1=0 = sec’@—2secH=0
and 3iJ§ = secH(secfd—-2)=0
me= 2 = secd=2 (as sec@ cannot be 0)
(equation does not factorise) 1
= cosf=—
3+«/§ 2
For tan@ = ,
2 = HZ—E, E
calculator value is 69.1° (3 s.f.) 33
s |
s | [
A
69.1° i
69.1¢ 3
@ C ] ©

Solutions are 69.1°, 249°

35 ¢ cosec’@+1=3cotd —180°<H<180°
For tanH=T, = (1+cot’@)+1=3cotd
calculator value is 20.9° (3 s.f)) = cot’ §—3cotf+2=0

= (cotd—1)(cotd—-2)=0

S @ = cotd=1or cotd=2
1

= tanf=1or tanfd=—

2
20.9°
20.92
s | @

@ | «
Solutions are 20.9°, 201° /
Set of solutions: 20.9°, 69.1°,
201°,249° 3 s.f) @ C

tanf=1 = 6=-135°, 45°

tan @ = % = 0=-153°, 26.6° 3 s.f.)
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8 d cotd=1-cosec’d  0<O<2n f (secd-cosd)’ =tanf-sin’d 0<H<nm
= cotf=1—(1+cot*6) = sec’ @—2secHcosd+cos’ O
= cotf=—cot’ @ =tan @ —sin” @
= cot’f+cotd=0 = sec’@—2+cos’ @ =tanf—sin’
t t )=
= cotblcotf+1)=0 (sec&cosH: xcosH:IJ
= cotfd=0or cotd=-1 cosé
2y 2 . 2
For cot@ =0 refer to graph: 9=£, 3 = (I+tan"0)=2+(cos" O +sin"0)
22 =tan @

For cotfd=-1, tanf = -1

@ A

= l+tan’0—-2+1=tand
= tan’@—tanf=0

= tanf(tand-1)=0

= tanfd=0or tanf =1
tanéd=0 = 6=0, =«

ENE]

=

tanfd=1 = Hzﬁ
4

| ©

) T
Set of solutions: 0, Z, T

So 0=%, %t
g tan’20=sec20-1 0<6<180°
Set of solutions: — sm 3n Tm 220—-1=sec20-1
a2 4 = sec’20—1=sec20—

= sec’20—sec20=0
e 3secif=2tan’L0 0<H<360° = sec268(sec20-1)=0
= 3sec§0:2(se02%9—1) = sec26=0 (not possible)
(use 1+ tan® 4 =sec’ 4 with 4=10)
= 2sec’10-3sect6-2=0

= (2secée+ 1)(56()%9— 2)=O

or sec260 =1
= cos20=1 0<£260<360°
Refer to graph of y=cosé
= 20=0° 360°

= sec%@z—l or sect=2 = 0=0°, 180°
Only sec16 =2 applies as
secA<—lorsecAd=>1
1
= cos36=—

As0<6<360°s00<16<180°
Calculator value is 60°
This is the only value in the interval.
So 16 =60°

= 0=120°
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8 h seczﬁ—(1+\/§)tan9+\/§:1

for0<0<2n

= (1+tan20)—(1+\/§)tan0+\/§:1
= tanzﬁ—(l+\/§)tan0+\/§=0

= (tanﬁ—\/g)(tanﬁ—l):o

= tan0=\/§ or tanfd =1

& | i

[}

(1)
@ ] ¢

. .7
First answer for tan@ = \/g 18 E

.. 4
Second solution is 7 +§ = ?n

) . T
First answer for tanfd=1is Z

Second solution is 7z+£=5—n
4 4
Set of solutions: E, E, 5_n, dn
43 4 3
9 a tan’k=2seck
= (sec’k—1)=2seck
= sec’k—2seck—1=0
+ +
= seck=2_\/g=2_2\/5=li\/5
2 2
As seck has no values between —1 and 1
seck=1+\/5
1 2-1
b cosk— = \/_

V2 (1e2)(2-1
V2-1

f_
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¢ Solutions of tan* k =2seck, 0<k <360°
are solutions of cosk = \/5 -1
Calculator solution is 65.5° (1 d.p.)
= k=65.5° 360°—-65.5°

= 65.5°, 294.5° (1d.p.)

10a Asa=4secx

= SeCx =

= COSX =

IS N N

As cosx=b

4

= b=—

b c=

a

cotx

= > =cot’x

2

(use 1+ tan” x = sec” x)
1

= =2 (secx=£
)

¢ 16

= 16=a’c>—16¢> (multiply by 16¢*)
= c*(a*-16)=16

= =

16
a’-16

11a x=secf+tand

1

X

1

secf+tand
B secd—tand
(sec @+ tan B)(sec € — tan )

secd—tand

sec? @—tan’ @
=secd—tand
(as 1+tan”> @ =sec’ 0

= sec’f—tan’O=1)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Pure Mathematics 3 Solution Bank

1
11b x+—=secOd+tan@+secHd—tand
X

=2sect

1 2
= (x +—) =4sec’ 0
X

= x’ +2x><l+i2:4sec2 6
X X

1
= X’ +—+2=4sec’ 0
X
12 2sec’@—tan’ O =p
= 2(1+tan’@)—tan’ = p
= 2+2tan’f—tan’f=p
= tan’f=p-2
1
= cot’@=—— #2
L (e
1
cosec’@=1+cot’@=1+——
p—2
=)l _pol oy
p-2  p-2
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